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We work out the relation between automorphic forms on SO{2 + s,2, Z) and gauge 
one-loop corrections of heterotic K3xT 2 string compactifications for the cases s — 0,1. We 
find that one-loop gauge corrections of any orbifold limit of K3 can always be expressed by 
their instanton numbers and generic automorphic forms. These functions classify also one- 
loop gauge thresholds of N=l (0, 2) heterotic compactifications based on toroidal orbifolds 
T 6 /Z„. We compare these results with the gauge couplings of M-theory compactified on 
S 1 /Z2 x T 6 /Z u using Witten's Calabi-Yau strong coupling expansion. 



07/98 



1. Introduction 

Within the last years, many perturbative calculations have been accumulated in het- 
erotic K3 x T 2 compactifications, whose scalar field sector of N=2 vector multiplets con- 
tains, besides the generic S, T, [/-moduli, which describe the dilaton, the size and shape 
of the torus T 2 , respectively, in addition Wilson line moduli. The latter parametrize non- 
trivial gauge background fields w.r.t. to the internal torus T 2 . These results -summarized 
for the two derivative couplings in a holomorphic prepotential Ti and two other functions- 
lead to a control of all perturbative one-loop corrections in the gauge sector @ fU , 
in the gravitational sector || @ and the one-loop Kahler corrections via the pre- 
potential P| rpTOH [|Tl[| . N=2 heterotic-type-II duality [|12| links the heterotic prepotential, 



given as sum over trilogarithms || with the type-II prepotential, given as weighted in- 
stanton expansions |JL3|| . The main evidence for the equivalence of a pair with a rank 
three gauge group was the appearance of the j-function, the automorphic function of the 
perturbative duality group of the heterotic side, in the functional dependence of the CY 
couplings at a certain boundary of the CY moduli space, which has been identified with 
the weak coupling limit of the heterotic string. The appearance of automorphic functions 
of subgroups of SL(2, Z), the typical dependence of the perturbative heterotic couplings, 
is a general phenomenon in CY spaces of a special fibration structure which has been 
realized in |14|]. Moreover it was demonstrated there, that this K3 fibration structure^ 



implies the appearance of automorphic functions of modular groups of more variables, a 



mathematically surprising fact which was subsequently explored in |I6| • In this way type-II 
heterotic duality imposes surprising relations of CY mirror maps to automorphic functions 
of heterotic duality groups, e.g. SO {2 + s, 2, Z). Usually on the heterotic side, couplings 
are calculated as power series in exp{2-KiS). These powers control the non-perturbative 
contributions coming from space-time instantons and their coefficients themselves are au- 
tomorphic functions under the perturbative duality group SO (2 + s,2, Z) including ex- 
change symmetries [lq][17]. However, if the type-II heterotic duality provides information 



about CY periods in the perturbative heterotic regime, the opposite can be said about 
the strongly coupled phase. In |TJ| [[L8| [|19| heterotic-type-II duality was used to derive the 



non-perturbative duality group mixing the dilaton with the other moduli. In particular in 
this way one obtains the generalized automorphic functions which reduce to the perturba- 
tive heterotic ones at a special boundary of the CY moduli space. This limit corresponds 



Some articles reporting K3 dynamics in the context of string-duality are the refs. [15]. 
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to the large base-space limit of the K3-fibration on the type-II side [ [20] . In this limit 
the automorphic functions on the heterotic side carry the information about the K3-fiber 
of the type-II side, i.e. in particular the type of singularity on the K3. The simplest 
cases are the two or three moduli cases with the perturbative duality groups SO(2, 2, Z) 
and £0(3,2, Z), respectively. Generic formulae may also be given for the higher groups 
SO (2 + s, 2, Z) , s > 2. Whereas these symmetries often also appear in N=l string vacua 



(see e.g. ||21|1 ), not much is known about the underlying modular functions, which unify 
N=l amplitudes in a similar way as described above for the N=2 case. It is one aim of 
this paper to work out such a correspondence for the gauge couplings of a class of N=l 
string vacua. Due to the similarity of the N=l and N=2 target space duality groups and 
their underlying modular functions one might even guess, that again the relevant physics 
can be traced back to K3 x T 2 dynamics. Therefore, the aim of this paper is twofold: 
We find a quite extensive and unifying description of N=2, d = 4 gauge threshold cor- 
rections in terms of basic modular functions and spectrum dependent quantities. Second, 
we derive general expressions -given as SO(2 + s, 2, Z) modular functions- for the one- 
loop corrections to the gauge couplings in N=l, d = 4 theories with (0,2) superconformal 
symmetry on the world-sheet, realized as toroidal orbifolds. These are singular limits 
of Calabi-Yau manifolds (CYMs). Although this represents a specialization to a certain 
class of string compactifications, this limit allows us to extract concrete results about (0,2) 
compactifications and the full one-loop gauge couplings, including gauge group dependent 
and independent contributions. In contrast, for a smooth (2,2) CYM only the difference 
of the Eq and E' 8 one-loop corrections are known (given by the topological index). The 
spectrum of toroidal orbifolds with N=l space-time supersymmetry can be arranged into 
N=l, N=2 and N=4 multiplets, respectively, depending on how their field representations 
are twisted along the world-sheet torus. However, it is only the N=2 part, which gives 
rise to moduli dependent perturbative gauge corrections. Therefore, all the moduli depen- 
dence is encoded in K3 x T 2 dynamics and our study of K3 x T 2 gauge couplings may be 
used, to classify the N—l couplings. In particular this means, that these couplings may 
be expressed by generic modular functions together with the instanton numbers of the 
underlying K3 x T 2 compactifications, which represent N=2 subsectors of the full N=l 
orbifold. Our main results are presented in eqs. (4.4) and (4.5). This description allows 
us to recover the topological nature of these couplings. In particular, we are able to trace 
back their origin to Green-Schwarz terms in ten dimensions or gauge couplings of eleven 
dimensional M-theory. We give this link for N=l orbifolds with both (2,2) and (0,2) 
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superconformal world-sheet symmetry. This link provides also generic methods for the 
dimensional reduction on orbifolds, which is useful for further investigations in M-theory 
phenomenology. 



2. Gauge and gravitational one— loop corrections in heterotic K3 x T 2 compact- 
ifications 

We consider heterotic K3 x T 2 compactifications, where the instantons are embed- 
ded into H x H' subgroups! of Eg x Eg. Their instanton numbers, fulfill + n*- 2 ** = 
XK3 i XK3 — 24. Therefore we define n^ 1 ' := 12 — n, := 12 + n referring to H, H' , 
respectively. This expresses the well-known fact, that for K3 compactifications, the in- 
stanton numbers have to add up to 24, following from f K3 dH = 0, which guarantees a 
global well-defined 3-form H on K3 and the Bianchi identity dH = trR 2 — v a trF 2 . The 
remaining unbroken gauge group (the commutant G^- •* of )) is denoted by G x G'. In 
general, such vacua have (0, 4) world supersymmetry and N=2 space-time supersymme- 
try in d = 4. The (new) supersymmetric index Z(q : q) and variants of it are the basic 
objects for string-amplitudes, which are obtained from it after taking the relevant order 
in the fields R and F and integrating over its modular invariant part [ 23]| . For the case of 



vanishing Wilson lines (s = 0) and adjoint scalars the (new) supersymmetric index Z(q : q) 
factorizes (q = e 2niT ) 

Z{q,q) = V~ 2 (q)^R \q Lo -^q T "-^(FL + F R )e^ FL+F ^} = Z K3 (q)Z 2 , 2 (q,q) , 

L J (c,c) = (22,9) 



Z 2)2 (g, T, U) = e 2 ™ T(minl+m2n2) e~^\TUn 2 + Tn 1 - Um x + m 2 



2 



m,i ,n' 

(2.1) 

into a holomorphic -O-part Z^ 3 (g) and a generic lattice sum Z 2 ,2- In the cases under 
consideration, ( |2.1| ) refers to the point in the Coulomb branch, where the full gauge group 
(G,G f ) is present. In general [s ^ 0; cf. eq. (2.5)], the supersymmetric index depends on 
the topology of the manifold, e.g. XK3 and the topology of the gauge bundle, e.g. n^ l \ inS 2 \ 
As a consequence it does not change under deformations of the hypermultiplet moduli 
space. Thus we may do some change in the hypermultiplet moduli space by (un)Higgsing 



Also combinations U(l) x H of Abelian and non-Abelian backgrounds are possible. In that 



case, the gauge group is of the form U(l) x G [22]. 
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or moving in the instanton moduli spaceo. Both effects result in a change of the gauge 
groups (G, G'). This way we may very easily move from models with standard instanton 
embedding (SU (2) bundle in one Eg) to non-standard embeddings, if compatible with the 
index. However, the net number of vector- and hypermultiplets^ Njj — Ny = 240 and the 
instanton numbers nA 1 -*, do not change in perturbation theory. There are restrictions 
on the possibility of maximal Higgsing away (G, G'), which depend on the number n: For 
{n^ l \n^) = (24,0), i.e. n = —12 the second E 8 cannot be broken at all, i.e. G' = Eg. 
For n = 0, 1, 2 complete Higgsing is possible. On the other hand, e.g. for — n = 3, 4, 6, 8, 
there are too few instantons or too less matter in the second Eg to break it completely, 
thus ending with the terminal gauge groups G = SU(3), SO(8), Eq, E?, respectively. In 
the cases — n = 9, 10, 11, i.e. < 4, the instantons on the second Eg are not stable 

and become small, because D-terms in six dimensions do not allow them to acquire a 
finite size ||24|1 . But then they also cannot break E$, thus G' = Eg. The small instanton 
dynamics corresponds to a tensionless non-critical string theory in d = 6 with Eg chiral 
algebra p5[|[p6 



The index ( |2.1[ ) is workedi (s = 0) out in for the case of SU (2)-bundles in the E^s 
with instanton numbers n*- 1 -*, n^: 



ZkM = "2 



E 6 E 4 + E 4 E 6 



24 



n 



24 



24 



n 



24 



EaEr 



n 



24 



(2.2) 



The relevant objects appearing in the one-loop corrections A a to the gauge kinetic 



term k a g st ^ ing F^ u F afI1 ' in the low-energy effective action [^7 



r T 2 



[B a {r,r)-b a ] 



(2.3) 



for the gauge couplings G a = G, G' and the indices Q2.2|) are 



&G'(t, t) 
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24 
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24 


?7 24 _ 



J 2,2 



'2,2 



(2.4) 



3 In fact, Higgsing and changing the gauge bundle are on the same footing. 

4 This follows from cancellation of the R A anomaly in six dimensions. In six dimensions: 
Nh — N\r = 244 for the models we are considering, i.e. with one tensor multiplet iVy = 1. 

5 Actually, in an orbifold limit of K3, which is smoothly connected to K3 by blowing up. 
This limit corresponds to going to special points in the hypermultiplet moduli space. 
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respectively for the case s = 0. Due to the unique form of the K3 supersymmetric index 
these functions are unique for all kinds of gauge threshold corrections without Wilson 
lines and lead to quite generic expressions for the one-loop corrections |28[] [^9[ . On the 
other hand, more general instanton backgrounds give rise to a much wider class of gauge 
threshold corrections than considered in ||28|| . The modular functions B a appearing in ( |2.4| ) 
are just descendents of the genus Zk3 (|2[1])- This means, that they are obtained from it 



by a (/-derivative, which leads to the (F™) -part. 

In the following we want to include Wilson lines. Wilson lines will allow us to read 
off the different instanton numbers of a K3 supersymmetric index with 577(2)- 

bundles. In the case with one Wilson line modulus V w.r.t. T 2 (s = 1) in an SU(2) 
subgroup of the second E' 8 the supersymmetric index (^j]) takes the form [0 

Z( t ,Q = Z K3 g, Z 3 ,( q ,g) = -2 ( ^^gd + ^EiEiA « Z , 3(qrq) , 



(2.5) 



with instanton numbers (n 



(1) n (2) 



24 r? 24 24 t? 24 
(12 - n, 12 + n) w.r.t. S*7(2)-bundles in both E 8 



and: 



Z 3 , 2 (q,q,T,U,V) = 



3 27rir (-j fc 2 +mi n 1 +mjn 2 ) 



-2ttt 2 \pr\ 



m,i,n l ,k 



Y 



PR 



'2Y 



[(T — T)(U — U) — (V — V) 2 } = T 2 U 2 - V 2 2 
[(TU - V 2 )n 2 + Tn 1 - Um l + m 2 + kV] 



(2.6) 



In that case, the functions (|2.4| ) change to (s = 1): 



B G = 

12 



1 

12 



E 2 
E 2 



71T 2 

3 

7TT 2 



E^iEq + n^ 2) ^4^6,1 



24 ?7 24 
EaiEq 



24 



V 



24 



+ 



24 ?7 24 
n( 2 ) E 4 E 6A 



n 



« E\E^ X nW E 6 E 6 ,i 



,'24 



24 



n 



24 



24 t? 24 24 77- 
E 6 E 6A n& E^E 2 



3.2 



24 



V 



24 



24 



24 



^ -^3,2 

(2.7) 

The mixing of Z32 with by the Wilson line V is formally denoted by the product <g> 
and explained in appendix A. The G, G'-beta function coefficients may be determined to: 



h N=2 

h N=2 
On' 



12 - 6n , 

12 + 6n 
12 + An 



V = 

V + 



(2-* 



Of course, the residual group G' and thus 6^, 2 depend on the choice for the Wilson 
line. Statements made earlier (for s = 0) about changes in the hypermultiplet moduli 
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space remain valid. Since we want at least one SU(2) gauge group in G' , in the course of 
Higgsing, the Wilson line modulus V corresponding to the U(l) Cartan subalgebra remains 
a flat direction. 

The /3-function coefficients Q2.8| ) may be viewed (for V = 0) in the anomaly- 
polynomials I m and/or gauge kinetic terms in six dimensions (without additional tensors, 



which relax the factorization condition) p^j @ flUl HH 



., , 9 - 12 9 n (2) - 12 , 
/ 8 = hh = (trR 2 -v G trF G -v G ,trF G ,) [ trR 2 - v G trF G - v G , txF G , 



(2.9) 

with the Kac-Moody levels v a = 2, 1, J, §, ^ for a = SU(N), SO(2N), E 6 , E 7 , E 8 , respec- 



tively. 

The first piece of ( |2.7| ) is universal and appears also in the gravitational one-loop 
correction 

24 ?7 24 + "24 ^ 



1 /• d 2 T 



*grav. o . 

967T 2 y T 2 

with the gravitational /3-function coefficient: 



l" 2 ^) I — A + "^1 ® ^3,2 - Ograv. 



(2.10) 



= 48 + 2(iV H -N V ) = { Aao J_ y /■ _l n (2- 11 ) 



528 , F = 
468 - 24n , V^O 

The two cases differ by 2(N' H - N{,) = 60 + 24n, with: 

^ = c n (-l) = 2 , iV^ = - Cn (-l/4)=32 + 12n. (2.12) 

The numbers c n (N) are the coefficients in the expansion of the K3 index in ( |2.5| ) (cf. also 
appendix A) 

^3(?) = 2^^ r ^ + ^ r ^iJ= Cn(iV)^. (2.13) 

iV6Z+| 



3. Gauge threshold corrections in orbifold limits of _K"3 x T 2 

This section is devoted to a detailed analysis of the supersymmetric index (|2.1| ) for 
if 3 orbifoldsi. However, since the K3 index may be calculated in an orbifold limit, we 

6 Non-freely acting discrete twists Z„ on the T 4 -torus. We do not consider additional shifts 
in T 2 . 
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also obtain results for the K3 index, itself. Different orbifold limits of K3, correspond to 
different points in the K3 moduli space. The orbifold limits are classified by their choice 
of T 4 -twists Zj, and accompanied shifts (7, 7) in the gauge degrees of freedom. It is one of 
the main resultsB of this section to show, that different orbifold limits of K3, i.e. different 
sets of (v, 7, 7) or different points in the -O-moduli space lead to the same supersymmetric 
index as long as their instanton numbers n are the same. For K3 vacua with SU(2) bundles, 
it is given by ( |2.2|) for vanishing Wilson lines and (|2.5|) for the case with one Wilson line V. 
In particular, models of one Higgs chain, which have the same orbifold limit, have the same 
genus. For concreteness we only consider two cases: Vanishing Wilson lines V\ = 0, i.e. in 
this case we sit at that point in the vector moduli space, where the (non) Abelian gauge 
group is fully established. Then on the typellA side, Higgsing (with fundamental charged 



matter) corresponds to extremal transitions between topological distinct CY vacua [|33| |34 



The second case with one non-vanishing Wilson line may be obtained from the first one 
by going to the Coulomb branch of an SU (2) subgroup of the full group. The instanton 
numbers can be related to the shifts (7,7) (cf. section 3.6). An immediate consequence 
is that similar unifying statements hold for all kinds of physical amplitudes, which are 
given by the supersymmetric index and only depend on the vector multiplets, e.g. gauge 
and gravitational threshold corrections. However, threshold corrections to a gauge group, 
which exist only in the orbifold limit, cannot be similarly unified (cf. section 3.4). One has 
to be careful in the choice of non-vanishing Wilson lines and shifts 7, 7: Only Wilson lines 
Vi w.r.t. to the K3 gauge groups G, G' represent directions in the smooth K3, which are 
independent on the hypermultiplet moduli space. Nonvanishing Wilson lines Vi ^ mean, 
that we stick to a region of the vector multiplet moduli space, where the corresponding 
SU(2) gauge symmetry is in the Coulomb phase. On the other hand, when we go back 
to the K3 limit, we move in the hypermultiplet moduli space and would Higgs away this 
£7(1), if it belonged to the -O-bundle. In that case, the result does depend on the specific 
orbifold limit. The non-trivial instanton background H : H' of an orbifold may change 
(however not the instanton numbers) when blowing up to a smooth K3. E.g. (as we will 
see later) there is the Z3 orbifold with gauge group U(l) 2 x SO( 14) 2 and instanton numbers 
(12, 12). It has U(l) instanton backgrounds, since the gauge group has rank 16. On the 



other hand, since it does not appear in the list of [22], which shows all possible Abelian 



7 This was demonstrated for standard-embedding orbifolds in Q, whereas we also turn to 
non-standard-embedding 
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backgrounds of K?> 1 we conclude that the £/(l)-bundles convert to non-Abelian ones in 
the course of blowing up the K3. This is also manifest in the form ( |2.5| ) of the K3 elliptic 
genus (cf. table 2). Let us also mention, that an orbifold cannot always be blown up to 
a smooth K3 manifold. This happens, whenever there are not enough massless oscillator 
modes, which serve as blowing up operators (see e.g. []35| for examples). 

The super symmetric index for an orbifold of twist order v and gauge shifts (7, 7) takes 



for generic points in the Coulomb moduli space (T, U, V*) the form |3g] 

Z{q,q) = - V 20 (r) £ \z%£\q)Z&%, q) , 



(0,6) 



with the corresponding twisted partition functions (a, b = 0, . . . , v — 1): 



Z^\q)=k {a , h) q-irf{r)Q^ (r£ + £,r 



zit'S(q,q,T,U, Vi )=e-^^ £ 

per iS,2 + i( 7+ ^) 



(3.1) 



(3.2) 



We introduced: 



a 
b\ 



kez 



(fe+ia) 2 i-K(k+ha)b 



1 (^,r) = z£(-l)M 



(k-i) 2 2niz(k-i) 



kez 



At the special points Vi = the lattice sum zjg '2 factorizes into 



= ^ l2 (9,?)e- 27r ^^^ 2) 4 a ; 6) (?)4'' 6) (?) 



(3.3) 



with 



7 {a,b) 
J E R 



(«> = ;£■ 



a,/9 



7=1 



/5 + 2V 



(3.4) 



and an analog expression for Z^, b \ For the case with one non-vanishing Wilson line 
V := Vie 7^ 0, the second lattice function becomes 



1 — in /3 — V 7 7 



o,/3 



1=1 



(3.5) 



with the Jacobi functions defined in appendix A. For the models we are interested in, 
the explicit expression for the functions Ba in (|2.3| ) is easily derived from (|3.4j ) and (|3.5|). 



The charge Qa insertion is accomplished by the respective g-derivative on the ^-function 
corresponding to the relevant c7(l)-charge. Following H, we define: 



1 1 



■2t™^( 7 2 +7 2 ) 



V 



■ M (r)#(r)=: £ c 



(<*,&), 

,4 1 



mjg 



m>-l 



With these definitions the /3-function coefficients ( |2.8| ), which ensure that ( 
IR-finite, are determined to be: 



>JV=2 



lim Ba(t~, 7") 

r 2 — >oo 



^ e 27ri|[n+f ( 7 +7)](T+7) 
rii (a,b) 



".4 



1 2 

— n, 

2 1 



(3.6) 



remains 



(3.7) 



3.1. Automorphic forms and gauge threshold corrections 

The threshold corrections A a can be split into three pieces P? 

A a = b a A-G il) +a . 



(3.8) 



The first term depends on the gauge group under consideration and it is entirely given in 
terms of SO(2 + s, 2, Z) modular functions. It is that piece!, which gives rise to automor- 
phic forms. A prominent example is the Dedekind ry-function for the case s = 0. With 
the corresponding logarithmic singularity arising from the Kaluza-Klein states becoming 
massless at T — ► zoo it reads! |2l 



(3.9) 



A = -ln[«(-zT + iT)(-iU + iU)]\n(T)\ A \n{U)\ l 



with the regular ization constant k = ~^j^ el ~ lB an d 1e being the Euler-Mascheroni con- 
stant. The correction is the one-loop correction to the Kahler potential [j39 . Because 
of supersymmetry it also appears in the integral ( |2.3| ). Finally, a summarizes additional 
moduli-dependent corrections. They are the subject of [TO] for the case without Wilson 
lines and of |37j when including Wilson lines. Therefore, to isolate the automorphic form 
A in (|3.8| ), we focus (in this subsection) on the difference of two distinct gauge groups. 
The integral ( J2.3| ) can be formally evaluated Q and gives for the difference of two gauge 
groups G a and Ga 1 



A 



d A (a)-d A , (a) 



V A U A* 



ln(Y«) - 4Re I ^ lne™ py (l - e 27Tiay ) b * 



N = 2 _ h N = 2 



(3.10) 



,a>0 



8 In the following we call A automorphic form, although it is A + 1u(Yk), which constitutes 
an automorphic form. 



Essential modifications arise in the case of SL(2, Z) subgroups [38]. 
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with 

rf A ( a ) = (^l!^ e 2-^[n+-( 7+ 7)](7+7) c K^ 1„A , (3.11) 

Oi j, V * / 

_ 16 

and « = {k,l,ni), Y = -\{{T -T){U -U) - £(T^- V*) 2 ] and ay = kT + IU + riiVi. The 

gauge group dependent numbers appearing in the vector p = AlhN =2_ h N=2\ (d-A ~ d>A') 
may be looked in J|]. The sum a > runs over all positive lattice vectors (i) k > 0, 1 e 
Z,rii G Z, (n) fc = 0,1 > 0,rij £ Z, (m) = 0,7ij > 0. The expression (|3.10| ) seems 
to depend on the orbifold twist u, the underlying gauge embeddings (7, 7) and finally on 
the two gauge groups between which the difference is taken. In the following we want to 
demonstrate that this is an artifact. In fact, we will see (for the case s = 0, 1), that the 
r.h.s. of (|3.11|) gives rise to one generic automorphic form (or certain linear combinations) 
of SO {2 + s, s, Z), being independent of the orbifold details. 

Let us pursue this idea further. For concreteness we will specialize to the one Wilson 
line Vi6 := V case. By looking at the perturbative duality symmetry SO(3, 2, Z) and at 
the singularity structure in the moduli space of fl2.3|) , the gauge group-dependent part 
b^ =2 A of threshold corrections A a involving one Wilson line modulus could be derived 
in [0. Two cases of physical gauge couplings are relevant [Q. In the first case, no (under 
the considered gauge group) charged particles become massless for V — > and the form of 
these thresholds is given by0: 

A = -lln( K y) 12 |xi 2 | 2 • (3.12) 

In the second case, some particles, charged under the gauge group under consideration, 
become massless for V — > 0. This means that the effective one-loop correction develops 
a logarithmic singularity in this limit, since those particles, which run in the loop and 
become massless, have been integrated out. The form of these thresholds is given by 

A = -lln( K y) 10 | X io| 2 • (3.13) 

Not any universal contribution are included in these functions. Both thresholds are entirely 
due to the gauge group dependent part of the charge insertion Q a in (|2.3|). I.e. they may 
be determined by considering a difference A of two gauge groups thresholds Ac a , Ac ■ In 



10 See e.g. the appendix of J37| and |TJ for further information about Siegel forms. The relevance 
of Siegel modular forms in the context of string one-loop corrections was first observed in M. 
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the first case, a difference involving two gauge groups, which are not enhanced at special 
points in the moduli space. In the second case, two gauge groups, which are both enhanced 
at V — * 0. The appearance of the SO(3, 2, Z) automorphic form X12 in ( |3.12| ) is plausible 
as it gives the correct result ( |3.9[ ) in the limit V — > 0, due to Xi2\y=o = ? ? 24 (^) ? ? 24 (^ r )- 
Moreover, the expression A^ — A^/ can be expanded in powers of V (cf. appendix C) 



A 



h N=2 _ b N=2 



ln(fcF) 
1 



1 

12 



?y 24 (7V 4 (£/)| 2 |l + UV'drlnri'i^duln^iU)] 2 + 



12 



ln(«Y) 12 | X i 2 | 2 



(3.14) 

which agrees with the lowest order of ( |3.12|) . The form of ( |3.13| ) ensures the correct 
logarithmic behaviour at V — > (xio ~~ * V 2 r[ 24L (T)r[ 2A {U)). Finally, in ( |3.1C)| ) one may also 
consider the case of two gauge groups, where one gets enhanced for V — > and the other 
does not: 



A 



12 K/ l 2 _L 

Xl2 + 



■JV=2 



1 



(V = 0) 



In 



1/2 

Xio 



5/12 
Xl2 



(3.15) 



b N =t(V / 0)_ 

This represents a case, where automorphic forms show up in a linear combination, with 
a gauge group dependent factor. This dependence may be eliminated if one considers a 
second pair of gauge groups. 

In the next subsection we will see that differences of gauge threshold corrections 
( |3.10|) of any K3 orbifold always take the form (|3.13|) or (|3.15|) . This result is quite 
intriguing, since ( |3.10| ) depends on the specific gauge embedding (7, 7) of the orbifold and 
its spectrum, whereas ( |3.13| ) and ( |3. 15| ) are model-independent. All model dependence 
goes into the /3-function coefficients, which in (|3.8| ) appear just as prefactors. We are not 
able to reproduce ( |3.12|) from (|3.10| ). We would have to choose a pair of two non-singular 
couplings. However, looking at (3.18), such a pair only exists for the cases (in) and (v). 
They have the same /3-function coefficients, a fact which formula (|3.10|) does not allow. 
We believe, that this failure is no accident, since it would lead to a product formula for 
X12, whereas its divisors do not have any simple form Hlf . 



3.2. Standard orbifold limits of K3 x T z 



In this section we work out (|2.3|) , ([2.5|) and in particular ( |3.10| ) for standard and non- 
standard orbifolds K3 orbifold limits. Since the result fl3.9|) holds for all types of orbifolds 
of K3 x T 2 , i.e. in the case of both standard and non-standard embedding of the twist into 
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the gauge degrees of freedom, we expect this to hold also for the case when one non-trivial 
gauge background field, i.e. one Wilson line V is turned on. It is one of the aim of this 
section to obtain general expressions for A in those cases. 
In the following we consider the standard-embeddings 
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(1,-1,0,0,0,0,0,0) , ^ = (0,0,0,0,0,0,0,0) , i/ = 2,3,4,6, 



(3.16) 



with the N=2 gauge groups SU(2) x E 7 x E 8 for v = 2 (b^L 



C =2 



84, b N E f 



-60) 



and U (1) x E-? x E% for the others. In these cases eq. ( |3.1| ) simplifiesllll drastically. In fact, 
it reduces to the form ( |2.5|) with (n^\ n^) = (24, 0). Moreover the threshold corrections 
take the form (|2.4|) and (|2.7|) with the same instanton numbers. 



3.3. Non-standard orbifold limits of K3 x T 2 

For concreteness, let us discuss seven cases of non-standard embeddings. 





if 


7 


1 


perturbative gauge group 


i 


2 


(1,-1,0,0,0,0,0,0) 


(2,0,0,0,0,0,0,0) 


SE/(2)X-E 7 xSO(16)' 


ii 


3 


(1,-1,0,0,0,0,0,0) 


(2,1,1,0,0,0,0,0) 


U(l)xE 7 xSU{3)' XE' 6 


Hi 


3 


(2,0,0,0,0,0,0,0) 


(2,0,0,0,0,0,0,0) 


C/(l)xSO(14)xt/(l)'xSO(14)' 


iv 


3 


(2,1,1,0,0,0,0,0) 


(2,1,1,1,1,0,0,0) 


SU(3)xE 6 xSU(9) / 


V 


4 


(2,2,2,0,0,0,0,0) 


(3,1,1,1,1,1,0,0) 


SU{4)xSO(10)xSU(2)'xSU(S)' 


vi 


4 


(1,1,1,-3,0,0,0,0) 


(1,1,-2,0,0,0,0,0) 


SU{4)xSO(10)xU(l)'xSU(2)' XE' 6 


vii 


6 


(1,1,1,1,-4,0,0,0) 


(1,1,1,1,1,-5,0,0) 


U(l)xSU(4)xSU{5)xSU(2)'xSU(3)'xSU(6)' 



Table 1: Examples of non-standard orbifold limits of heterotic K3 x T 2 compactiRcations (^,7,7) 
and their perturbative gauge group. 



Models (ii), (vi), (vii) correspond to the r = 10,8,4 chains, respectively discussed in 
|42]1 . Actually in total, there are 2 different embeddings for Z2, 5 for Z3, 12 for Z4 (table 
3) and 61 for Z 6 (table 8). 

With the relation 

b%= 2 = 2Tr H (Ql) - 2Tr v (Ql) , (3.17) 



11 For all N=2 orbifolds (see the following tables) we expanded 
y and found agreement with ( [2.5D up to an arbitrary high order. 



in a power series in q and 



12 



(0 


b N E f = 


-12 


h N=2 
°SO(16)' 


(it) 


b N E f = 


-24 


h N = 2 - 


(iii) 
(v) 


h N=2 
°SO(lA) 

h N=2 
°SO(10) 


= 12 
= 12 


h N=2 

h N=2 _ 
> °SU(8)' ~ 


(vi) 


h N=2 
SO (10) 


= 36 


h N=2 


[vii) 


°SU(5) ~ 


= 24 , 


h N=2 _ 
°SU(6)' — 



where Q a is any generator!!! of the group G a , we determine the following N=2 /3-function 
coefficients 

f 36 , V = 
\28 , V ^ 
48 , V = 
36 , 7^0 

: 12 

(3.18) 

12 

-12, V = 
-4 , F ± 
, V = 
4, F^O, 

respectively. Our results can be easily converted to other embeddings. Interestingly, an 
explicit calculation shows that in all seven cases the supersymmetric index ( |3.1| ) reduces 
to the expression (|2.5|) with instanton numbers (n^ 1 -*, n^) referring to the SU(2) bundles 
in Eg x Eg. This is also the case for the other orbifold limits of K3 (cf. e.g. table 3 for all 
T 4 /Z 4 and appendix D for all T 4 /Z 6 orbifolds). 





(nf 1 ),^ 2 )) 


n 


i 


(8,16) 


4 


ii 


(6,18) 


6 


iii 


(12,12) 





iv 


(9,15) 


3 


V 


(12,12) 





vi 


(16,8) 


-4 


vii 


(14,10) 


-2 



Table 2: The instanton numbers (n^,n^) of the previous examples 



Of course, this is quite remarkable as in ( |3.1|) we are summing over all various twisted 
sectors. Altogether this results in ( |2.5| ). On the other hand, this fact may be understood 
from the point of view of modular functions: The expression (|3.1| ) is given by a modular 
function of weight —2 and a certain pole structure dictated by the states becoming massless 



12 In the case of non-vanishing Wilson line V / 0, generators Q a , which do not survive the 
Wilson line projection, are excluded. In that case, the /3-function coefficient refers to the surviving 
(smaller) gauge group. 
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for r — > —zoo (tachyon) and in the IR r — > zoo. This fixes the form of (3T). Therefore 



we conclude, that (|2.5|) and (|2.7|) are the most general expressions for the index and gauge 
threshold corrections in orbifold limits of K3, respectively. 



7 


1 


perturbative gauge group 


i (1) (2)\ 


(1,1,0,0,0,0,0,0) 


(0,0,0,0,0,0,0,0) 


U(l) xe 7 xe' s 


(24,0) 


(1,1,0,0,0,0,0,0) 


(2,2,0,0,0,0,0,0) 


U(1)xE 7 xSU(2)' xE' ? 


(12,12) 


(1,1,0,0,0,0,0,0) 


(4,0,0,0,0,0,0,0) 


U (1) XEyX SO (16)' 


(16,8) 


(1,1,0,0,0,0,0,0) 


(1,1,1,1,1,1,1,-1) 


U(l) X E T X U(l)' X SU(8)' 


(6,18) 


(2,1,1,0,0,0,0,0) 


(2,0,0,0,0,0,0,0) 


U(l) X SU(2) xE 6 xU(l)' X SO (14)' 


(12,12) 


(2,1,1,0,0,0,0,0) 


(2,2,2,0,0,0,0,0) 


£7(1) X SU(2) X Eq X SU(A)' X SOCIO)' 


(8,16) 


(3,1,0,0,0,0,0,0) 


(0,0,0,0,0,0,0,0) 


[/(l)xSl/(2)xSO(12)x£^ 


(24,0) 


(3,1,0,0,0,0,0,0) 


(2,2,0,0,0,0,0,0) 


U(l)xSU(2)xSO(12)xSU{2)'xE' 7 


(20,4) 


(3,1,0,0,0,0,0,0) 


(4,0,0,0,0,0,0,0) 


C/(l)xSl/(2)xSO(12)xSO(16)' 


(16,8) 


(3,1,1,1,1,1,0,0) 


(2,2,2,0,0,0,0,0) 


SU(2) X SU(8) X SU(4)' X SO(10)' 


(12,12) 


(3,1,1,1,1,1,0,0) 


(2,0,0,0,0,0,0,0) 


SU(2) X SU(8) X U(l)' X SO(14)' 


(12,12) 


(1,1,1,1,1,1,1,-1) 


(3,1,0,0,0,0,0,0) 


U(l)xSU(8)xU(l)'xSU(2)'xSO(12)' 


(14,10) 



Table 3: All twelve T 4 /Z^-orbi folds with gauge twist (7, 7): Their perturbative gauge group and 
instanton numbers (jv 1 , nS 2 ^) w.r.t. SU (2) -bundles. 



As we have seen, the function B a in ( |2.3|) is given by ( |2.7| ) with the topological numbers, 
given in the tables 2,3 and 8, respectively. The r-integral in ( |2.3| ) can be done guided by 
For the difference Ag - of gauge threshold corrections, involving a non- 
singular gauge group G and a singular one G", we obtain the proposed form ( pj,13| ): In that 

case, 

(3.19) 



B G - B G > = -^2 K3 (q,y) ® Z 3:2 , 
with the K3 elliptic genus ZK3(q,y) introduced eq. (A. 5). Thus 



(3.20) 



A G - A G , =nln(KY) w \xior ■ 
The other expression ( |3.15| ) appears in the next subsection. 

3.4- Enhanced gauge group threshold corrections 

Since in the case of K3 compactifications the manifold has no isometries, the gauge 
group (G,G') derives from Eg x Eg (and the bundle structure), only. However, at special 
points in the moduli space, like e.g. the orbifold points of K3, additional gauge group 
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factors (H, H') appear. The maxima 10 possible gauge group is Eg x E7 x SU(2) 5 |43[ 
One feature (cf. previous sections) for threshold corrections w.r.t. (G, G') is that, they may 
be equal for different choices of (y, 7, 7) as long as they have the same instanton numbers 
(n*- 1 -*, n*- 2 -*). On the other hand, this statement no longer holds for the enhanced gauge 
group (H, H') thresholds, which in general depend on the chosen orbifold limit. Which 
gauge group arises at the orbifold limit, depends on the twist embedding. Therefore, 
threshold corrections w.r.t. those gauge groups depend on the specific form of the shift 
vector (7,7). As a consequence they are not expressible in terms of (n^ 1 -*, n*- 2 -*) alone. Eq. 
|) then takes the form 



B 



H,H' 



1 

12 



7VT 2 



n<M E 4A E 6 E 4 E 6jl \ d t E\E^ X d 2 E 6 E 6>1 



24 77 



24 



24 T] 



24 



24 rj 



24 



24 77 



24 



^3,2 , 

(3.21) 



with the additional coefficients (di, d 2 ). For the examples of table 1 we determined these 
coefficients: 





h,h' 


(d!,d 2 ) 


d 


i 


SU(2) 


(40,-16) 


-28 


ii 


U(l) 


(30,-6) 


-18 




SU(3)' 


(18,6) 


-6 


Hi 


U(l) 


(28,-4) 


-16 




[/(!)' 


(28,-4) 


-16 


V 


S(7(4) 


(20,4) 


-8 


vi 


SU(4) 


(16,8) 


-4 




SU(2)' 


(28,-4) 


-16 




U(l)' 


(20,4) 


-8 



Table 4: Details (^1,^2) for enhanced gauge group H,H' threshold corrections. 

Interestinlgy, for all cases d\ + d% = 24 and it is convenient to introduce d with 
d± = 12 — <i, d 2 = 12 + d. For the /3-functions we obtain: 



h N=2 
°H,H' 



12 -6d , V = 
12 - n - hd , V ^ 



(3.22) 



13 This requires also a choice of special points in the vector multiplet moduli space (T, U). 
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For the examples of table 4: 

, N=2 r i8o , v = o 



W b 8U(2) ~ \ 14 g ) y ^ 

N=2 _ ri2o, y = o ^ 2 r is. r = o 



' ! 1 ! " I 96 , V + ' OT < 3 >' " [36, V^O 

m = J 108 • ^ = , = J 108 • V = (3.23) 

' 1 1 i 92 , F ^ \ 92 F ^ V ; 



h N=2 



60 , V = 
52 , V + 



M 6 M -36 ^=2_f60,y = „ =2 (108,^ = 

3.5. Differential equation for the N=2 prepotential 

For the cases discussed in |§ it was shown that the one-loop correction h n to the 
prepotential of the underlying N=2 theory fulfils a second order differential equation. Also 
in the cases at hand we can derive a differential equation for the one loop correction h n to 
the N=2 prepotential H n 

H n (S, T, U, V) = S(TU - V 2 ) + h n (T, U, V) + 0(e~ 27TlS ) , (3.24) 

with [§ 

h n (T i U,V) = ~d n (T,U,V)-j±p Yl c n (kl-±b 2 ^£t 3 (e 2 ^ kT + lu+bV ) + const. 

(3.25) 



(k,l,b)>0 



and 



d n (T, U, V) = ±U 3 + (^ + n)V 3 - (1 + ^)UV 2 - ^TV 2 . (3.26) 



The coefficients c n refer to the K3 genus Zkz{q) given in (|2.5|) and its coefficients ( |2.13|) 



There are ambiguities for the cubic polynomial (|3.26|) due to the fact that the holomorphic 



prepotential is only fixed up to quadratic pieces in the homogeneous coordinates X 1 . These 
quadratic pieces include e.g. cubics in V. On the other hand, this ambiguity can be fixed 
when comparing the prepotential with the corresponding one of the typell theory, which 
leads to the form (|3.26| ) |7]] . For the differential equation we find 

Re ^f{d T d v - \d 2 v )h n } - G%1 2 = + ^Re [ln* n , d (T, U, V)] + b^ d \nY , 

(3.27) 
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with 

G£La = ^Re<*»- E Mv)|"*»f- (3.28) 

[ y=T,U,V V J 

The above differential equation holds for general gauge threshold corrections aI"'* 1 ' ( |2.3j ) 
which are given by (|3.21|) for some n, d. Of course, d = ±n leads to (|2.7|) , whereas d 7^ ±n 
describes the cases in table 4. The holomorphic function ^ n ,d is (A10 = — 4xio 5 A35 = 
4«X35): 



*n,dCr,t7,V)= . 1+1 ^f +5/16d ■ (3-29) 



A 

i 1.0 



From that differential equation and ( |3.8| ) one immediately obtains0 an expression for a: 



a n (T, U, V) = Re { ^-(d T a v - \al)K - ± In -^-^^ } . (3.30) 



All our investigations concern the so-called A-models ||44|1 . These are heterotic K3 x 
T 2 compactifications where the K3 of the typellA dual CYM (which is a K3 fibration) is 
itself a fibration with i?s-torus fiber. In particular this means, that on the Kahler modulus 
T of the heterotic torus T 2 , to be identified with the Kahler modulus of the torus fiber, the 
full SL(2, Z) T (to be embedded into SO(2, 2 + s, Z) is realized |T3|T§. The S, C-models 
have fiber tori E^jEq, respectively. In these cases, the heterotic duality group of the T- 
modulus is only a subgroup of «SX(2, Z)t and e.g. for s = 1 the results of the previous 
sections involve Sp(4, Z) subgroups [fl5| §]. 

After Higgsing completely, the models with n = 0, 1,2 become the so-called STU- 
models or one step before -with an SU (2) gauge group in the Coulomb phase- the STUV- 
models. Their duality to typellA CYM, which are elliptic fibrations over the Hirzebruch 
surfaces F n with 

c n (0) = X (X F ) = l ~ 48 ° ' V = (3.31) 
v ; AV n> \-420 + 24n , V^O K ' 

and /in i) = Ny — 1=4 and h( 2 ,i) = ^Yh — 1 = 214 — 12n, has been checked in 0. 

The models with n ^ 0, 1,2 have some terminal gauge groups after Higgsing completely 

(cf. also section 2) and again are related to CYM being elliptically fibered over F n . The 

CY prepotential and the gravitational coupling, specialized to the sublocus of their Kahler 

moduli space, where this gauge group is fully established (or up to an SU (2) factor, which 

is in the Coulomb phase in the case of one non-vanishing Wilson line) , can be linked to our 

results ( |3.25| ). Dictated by the Jacobi functions, at such a point the instanton expansion 

of the CY prepotential will arrange w.r.t. to SU(2) representations like 



14 The case n = 12, d = ^12 was discussed in |3 



17 



3.6. Geometric interpretation 

In the previous sections we have seen, that the instanton numbers n^ 1 **,^ 2 ** and the 
relation + n*- 2 ** = 24 are important ingredients entering the threshold results. See 
e.g. (|2.7f) and ( |3.21| ). On the other hand, all the information about an orbifold, e.g. 
the massless spectrum and the instanton numbers are encoded in v and the shifts 7 / ,7' f . 
Therefore in this section we want to express n^ l \n^ in terms of v,^ 1 ,^ 1 . We know of 
two ways, to find this relation. The first one uses the supersymmetric index ( |2.1|) (cf. 



the previous sections and tables 2,3 and 8). I.e. we write the index (|3.1|) in such a way 
( p . 5| ) , that we are able to read off the instanton numbers. This fixes the instanton numbers 
n ( 1 ) ?n ( 2 ) completely. The second way uses results about small instantons at Z„ orbifold 
singularities |46|| . The individual instanton numbers w.r.t. E% x E' 8 at an orbifold fixed 
point f a with gauge twists 7 a ,7a of twist order v a are given by P6|[p5|: 



n (1) 



(3.32) 



". ,2) = ^ + £ = ^ + 5 ir - il) ■ 

j=0 a a 1=1 



Here /cq/ . /cq/ are arbitrary integers, which are already present for instantons in flat Euclid- 
ian R 4 and is the number of orbifold twist eigenvalues exp(27rifi/iy ct ) in 7 Q . To finally 
obtain n^ l \ n*- 2 -* one has to sum over all possible fixed point of order u a = 0, . . . , v — 1. 
Of course, + = 24, which relates the small instanton physics at the orbifold fixed 
point to the iiT3-geometry. At one fixed point f a a similar equation holds, which relates 
Tia + to the Euler number of the ALE space (see section 5 for more discussions). 
This allows to fix one of the constants k a , fca ■ Therefore, only for K3 compactification 
with £0(32) gauge group, the constants k a , ka may be fixed (cf. the discussions in fl35|). 
Besides, in the case of Abelian bundles one may impose additional equations, relating these 
numbers to the number of twisted matter fields charged under these £7(l)'s, which eventu- 
ally fix these numbers |P2"| . However, in the case of non- Abelian instanton backgrounds, 
the method which uses the supersymmetric index, seems to be more restrictive. It allows 
us to fix the numbers k a , kffi completely (see also the tables 2,3 and 8). 
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4. Gauge threshold corrections in N=l (0,2) orbifold compact ificat ions 

A generic feature of gauge couplings in N=l,d = 4 string vacua is their dependence 
on scalars of chiral multiplets. The latter describe the universal dilaton S and the moduli 
T, U, Vi arising from the internal compactification. At tree-level the gauge couplings of all 
gauge group G a factors are given by the string-coupling, which is determined by the vev 
of the dilaton field S. In effective string theory, this relation is mo by a mixing 

between the dilaton S and the other moduli, described by the non-harmonic function G^- 1 ': 



is the one-loop correction to the Kahler potential []39| . In addition, one has to take into 



account string threshold corrections originating from string modes with masses above the 
string scale M str i ng , which have been integrated out. They (effectively) split the couplings 
at the string scale, i.e. 

#a V)| M=Matring = String + . (4.2) 

Whereas the Kahler potential G receives contributions beyond one-loop, which are (so far) 
not under control, the harmonic (Wilsonian) part of A a is completely determined already 
at one-loop thanks to non-renormalization theorems for the gauge kinetic function /. On 
the other hand, the non-harmonic part of A a is expected to have the opposite sign of G^\ 



Thus with (|4.1|) it has no influence on the physical coupling (fO|) ~~ a t least at one-loop 



p9(l||37|| . However, it does affect the precise relation of Mpi anc k and M str ing at one-loop 



37 



-^Planck 



M s 2 tring . (4.3) 
In this section we want to obtain generic results for the N=l gauge thresholds A a , 



focusing for concreteness, on N=l toroidal orbifolds [47]. In these cases A a receives only 
moduli-dependent contributions from N=2 subsectors [p8 [. Therefore, to obtain their 
analytic form, many results from the previous sections may be borrowed. For concreteness, 
let us discuss six N=l examples. 



15 A consistent treatment is achieved by replacing the chiral multiplet S with a linear multiplet 

lis 
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orbifold V f 


perturbative gauge group 


// 
/// 

IV 

V 

VI 


Z 2 xZ 2 (1,-1,0,0,0,0,0,0) (0,0,0,0,0,0,0,0) 

z 2 xz 2 (1,-1,0,0,0,0,0,0) 

K r 2 = (2, 0,0, o,o, 0,0,0) 

Z 2 xZ 2 (1,-1,0,0,0,0,0,0) (2,0,0,0,0,0,0,0) 
Z 4 (1,-1,0,0,0,0,0,0) (2,0,0,0,0,0,0,0) 
Z 6 (1,2,3,0,0,0,0,0) (0,0,0,0,0,0,0,0) 
Z 6 (5,1,1,1,1,1,0,0) (5,1,1,1,1,1,1,-1) 


E 6 xU(l) 2 xE' s 

E e xU(l) 2 xSO(16)' 

E 6 X U(l) 2 X SO (8)' X SO (8)' 

E 7 X (7(1) X SO (14)' X U(l)' 

E 6 XU(1) 2 XE' S 

SU(6) X SU(3) X SU(2) X SU(8)' X U(l)' 



Table 5: Examples of N=l, d = 4 heterotic Z u orbifolds with (2, 2) or (0, 2) world-sheet super- 
symmetry. 



The Z 2 x Z 2 models have the internal twists 6>i = (—1, — 1, +1), 02 = (—1, +1, —1), 
the Z 4 has 6 = \(l, 1, -2) and the Z 6 - II orbifold has the twist = |(1, 2, -3). Models 
(I),(V) have standard embeddings of the twist into the gauge group, thus allowing for 
(2,2) world-sheet supersymmetry. On the other hand, models (II), (HI), (IV), (VI) are 
orbifolds with non-standard twist embeddings with only (0, 2) world-sheet supersymmetry. 
Since only their N=2 sectors give rise to a modulus dependence of A a , let us investigate 
these sectors and give their relations to the previous sections. 





1st plane T 1 , U 1 


2nd plane T 2 ,U 2 


3rd plane T 3 ,U 3 


I 


Z 2 st, m = -12, ux = 2 


7i2St, 712 = —12, V2 = 


2 


Z 2 st, n 3 = -12, f 3 = 


2 


II 


7i2nst{i), n\ = 4, v% = 2 


7i2nst{i), ri2 = 4, v% = 


= 2 


Z 2 st, n 3 = -12, f 3 = 


2 


III 


7i2nst{i), n\ = 4, v\ = 2 


7i2nst{i),ri2 = 4, V2 = 


2 


Z 2 nst(i),n 3 = 4, 1/3 = 


2 


IV 








Z 2 nst(i), n 3 = 4, ^3 = 


= 2 


V 




7i2st, ri2 = —12, U3 = 


2 


Z 3 s£, n 3 = -12, z/3 = 


3 


VI 




7i2nst{i), ri2 = 4, z/3 = 


= 2 


Z 3 nst(ii), n 3 = 6, 1/3 


= 3 



Table 6: Twist invariant planes and K3 x T 2 details (ui, m) of the previous examples. 



Here Vi is the twist order of the N=2 subsector, which leaves invariant the zth plane 
with moduli fields T l ,U l . If one plane i does not give rise to an N=2 sector, we just take 
vi = in all the following sums. In particular, this is the case for v = prime. Besides, in 
the cases vijv 7^ 1, | the t/ l -modulus is frozen. The spectra of these models have been 
worked out in the appendix of Also cancellation of anomalies, produced by triangle 
graphs involving the Kahler and sigma-model connection, have been discussed there. In 
particular, G^ =1 = 0, whenever Vi/v = 1, |, however 7^ 0, if Ui/u 7^ 1, |. Since 

the string-modes running in the loop arrange in N=2 multiplets J2^] , the N=2 /3-function 
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coefficients of the underlying N=2 (sub)theory (|2.8| ) will reappear in the calculations. The 
latter can be expressed by the N=l Kahler and sigma-model anomaly coefficients ol Ga g 
referring to the N=l gauge group Ga, Ga> P§ . 



In total we get for the N=l threshold corrections A a (cf. ( |3.8| )) 



v 

i=l,2,3 



- /caG- at =1 + const. 



A G A ,=~ ^{(12 + 6n01n( K T 2 ^ 2 )|r ? (r)r 7 (^)| 4 + ^a^(T\^)+A;^G^ =2 } 

i=l,2,3 

- /ca'C- 1 ^ =1 + const. . 

(4-4) 

for vanishing Wilson lines Vi (s = 0). With one Wilson-line V := Vie switched on (s = 1) 
we find: 

12 imi ln(^) 12 |Xi 2 | 2 + k A a ni (T\ U\ V) + k A Gf ] N=2 




ln(«Yi) L2 \xi2\ z + 2n,ln 



A l/2 2 



5/12 
Xl2 



+ k A a ni {T\U\V) + k A G^ N=2 



- /caG ? [ 1 ^ =1 + const. . 



(4-5) 

The second piece in Ag a , accounts for the subthreshold effect which is caused by particles 
becoming massless for V — > 0. In this case both G^' and the N=2 gauge group G' are 
enhanced (cf. also O and (|3J8D). 

We see, that Ag a , Ag a , are given by SO {2 + s,2, Z) modular functions depending 
on the Kahler T % and complex structure moduli U l of the N=l compactification and some 
topological data. The latter are the instanton numbers rii, which refer to the individual 
N = 2 subsectors, described by K3xT 2 dynamics (cf. table 6). It has already been stressed 
in ||37|| , that, in contrast to certain statements made in the past, the harmonic piece ( 3.30Q 
o~ n in ( |4.4|) and (|4.5| ) is of fundamental importance to recover the correct decompactification 
limits to d = 6 (cf. also ( |2.9| )) and d = 10 dimensions (cf. next section). 

Our results (|4.4|) and ( |4.5|) hold quite general for N=l orbifolds. In practice one only 
has to read the information ni about their N=2 subsectors v% from the tables 2,3 and 8. 
We may also go opposite: For given n;, i.e. gauge twist (7, 7), construct an N=l (modular 
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invariant) 2i v orbifold with twist (9, -T, ~T ), whose N=2 subsector has the gauge twist 
^77(7,7)- Modular invariance (see. e.g. [^9[ ) 

8 8 

J2 r i - J^T/ = mod 2 

Y / = 1 g (4.6) 

E^ 2 -Er?-Ef? = 0mod 2, 

i=l i = l i = l 

is quite restrictive and may rule out a lot of combinations. Nevertheless, it is e.g. possible, 
to find N=l orbifolds with n; = 0: This happens, when the N=2 subsector, described by K3 
dynamics has an equal number of instantons in both .E^-factors, i.e. (n^ , ) = (12, 12). 
In these cases, there is no one-loop correction to the gauge kinetic functional (cf. section 
5.1): 

f GA ,G> A =-iS + 0{e^ s ) . (4.7) 
The gauge group dependent part of the one-loop threshold correction 6^ =2 A cancels 



against the group independent part a. These models look like N=4 models ||50| , which 
do not have any perturbative corrections to the (two-derivative) gauge couplings due to 
the lack of enough fermionic contractions in a correlation function with two gauge bosons. 
However, our models have N=l space-time supersymmetry (with some N=2 subsector 
structure) and any two gauge boson correlator must not vanish due to supersymmetry 
arguments. On the other hand, these models do have moduli dependent wave-function 
renormalizations or one-loop corrections to the Kahler potential Let us give a list of 

these orbifolds, since they might be of some phenomenological use: 
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This is also true for prime orbifolds, which do not possess any twist invariant planes. 
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Z v : 


r f 


gauge group 


Zg-II: 1(1,3,-4) 

Z12-/: (1,4,-5) 
Z 12 -U: (1,5,-6) 


(1,1,0,0,0,0,0,0) (2,2,0,0,0,0,0,0) 
(2,1,1,0,0,0,0,0) (2,0,0,0,0,0,0,0) 
(3,1,1,1,1,1,0,0) (2,2,2,0,0,0,0,0) 
(3,1,1,1,1,1,0,0) (2,0,0,0,0,0,0,0) 
(3,2,1,0,0,0,0,0) (4,2,2,0,0,0,0,0) 
(3,1,0,0,0,0,0,0) (2,0,0,0,0,0,0,0) 
i (7,1,1,1,1,1,1,-1) (3,3,1,1,1,1,1,-1) 


U(1)XE 7 XU(1)' XE' 7 

U(l)xSU(2)xE 6 xSO(W)' 

U(l) 2 xSU{2)xSO(10)xSU(4)' xSO{10)' 

U (I) 2 X SU {2) X SO (W)x SO (16)' 

U(l) 2 X E 6 X U(l)' X SU(2)' X E' 6 

U(l) 2 xSO(12)xSO(16)' 

U(l) 2 xE 6 xSU(4)'xSO(10)' 



Table 7: N=l Z„ orbifolds with vanishing perturbative corrections to the gauge kinetic function f: 
Their twists (9, ^F) and N=l gauge groups. 

The Zg — II models have an invariant plane for 9 2 of Z4 (non-standard) iir3-orbifold 
structure with instanton number 713 = 0. The one Z12 — I example has a fixed plane for 
6> 3 , thus producing also a Z4 .O-orbifold with n% = 0. Finally, the three Z12 — II cases 
have an invariant plane for 9 2 of Zq i^3-orbifold structure with 77,3 = 0. Thus, there are 
no harmonic one-loop corrections to (|4.2|) . 



5. M— theory origin of d = 4 gauge couplings 

In this section we want to discuss the relation^ of our N=l gauge threshold results 



( |4.4|) and (|4.5|) to the strongly coupled heterotic string in ten dimensions, which is described 



by M-theory compactified on S 1 /Z2 |]53|1 - This question has been raised in [54]] and worked 
out for standard-embedding in |37j . 



5.1. Gauge kinetic function in N=l, d = 4 weakly coupled heterotic string theory 

The relevant object to link the four-dimensional one-loop corrections to the strong 
coupling expansion of M-theory is the gauge kinetic function / of the gauge groups 
Ga-, Ga'i in which the findings of the previous sections are summarized: 

^ Ga ,(S,T\U\V) = -iS+J2 * {li&ndu* - \d 2 v )h ni - -Llny ni (T\U\V)X+0(e 2 ™ s ) 

i=l,2,3 ^ n ) 

(5.1) 



17 Our K3 gauge threshold results (cf. sections 2 and 3) can also be related to M-theory 
compactified on 5 1 /Z2 x K3 (see also []51| 
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After the rescalings S — > 47rS', / — + 4%f, which corresponds to the dilaton choice S 
P^ + i^— the large 

•^string 

' 5 ^10 — > e ). 



-i 1 * the large T l -expansiorJi^l (large Kahler moduli) of (|5.1| ) becomes (using A35 

@ string 



f GA = - t S- i ^ -L\-±L--i]r + 0(e*" t: >) = -iS + i ^ -L-±T* + (D(e 

i=l,2,3 







V 


V 12 






v% 


1 


V 


\ 12 



fG A ,=~iS-i 7 ^-1^ + 0(e 8 ^ s ) = -tf - i 7 I + 0(e 8 ^ s ) 

i=l,2,3 V / i=l,2,3 

(5.2) 

These expressions may be directly identified with the /-functions, which arise upon di- 
mensional reduction of the weekly-coupled ten-dimensional heterotic string. This holds 
-at least in this limit- for generic n, as in this reduction n enters only as the instanton 
number of the gauge bundle in the Bianchi identity. Therefore, from the ten-dimensional 
viewpoint, the form of the gauge kinetic function (O) in four dimensions is dictated by the 



Green-Schwarz anomaly cancellation in ten dimensions, together with target-space duality 
||55|| [37l. As a remark, let us mention that for the compactifications we have considered, 



i.e. N=l orbifolds with N=2 sectors, which are described by K3 x T 2 dynamics, (|5.1| ) can 
be also deduced from the relevant Green-Schwarz anomaly cancellation terms in six di- 
mensions ( |2.9p , since in ( |5.2| ) each N=2 subsector may be thought as a decompactification 
limit T % — > 00 to six dimensions. 

For (2,2) Calabi-Yau compactifications X, there exists a relation of one-loop gauge 
threshold corrections to the (large Kahler modulus expansion thereof) topological index F\ 
The identity A^ 6 — A E r — > 12Fi allows us, to write for the large radius expansion 



of the gauge kinetic functions [p7fl : 



(5.3) 



fE> s -f Ee — 2 jr t* j J t Ac 2 (R) . 
i=i ^ x 



Here Ji is a basis for the Kahler class H^ 1,1 ^ and C2 is the second Chern class of the 
Calabi-Yau threefold X. The same limit (|5.3| ) appears after a dimensional reduction 
of the ten-dimensional Green-Schwarz term specializing to the difference of the E$, Eq 



18 For rii = —12 and restricting the sum to i = 3, we recover the results of [37| 
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axionic couplings. AppliedEl to the orbifolds with standard-embedding (e.g. I and V of 
table 5), we get e.g. 

f E ' 8 - f E6 — -\xkz £ = -iX(T 6 /Z.) £ t< , (5.4) 

i=l,2,3 i=l,2,3 



with the CY moduli t l = -^-T* and the CY-Euler numbered x(X) = 48 of the underlying 
N=l orbifold X. The prime means, that we only sum over such moduli, which appear 
from N=2 subsectors. This limit is in agreement with (|5.2| ) for = —12. In that case it 
is straightforward to work out the integral (cf. below for the more general case). 

5.2. M-theory on S 1 /Z 2 x T 6 /Z„ 



In |j5"4"|| PT|] it was argued that (|5.1| ) encodes for standard-embedding the strong cou- 



pling expansion (an expansion in the eleven dimensional gravitational coupling constant 
) of M-theory on S 1 /Z2 compactified on a CYM X. I.e. a perturbative heterotic 
gauge threshold calculation (as performed in the previous section and summarized in eq. 
([5J])) gives the gauge couplings of M-theory on S 1 /Z2 compactified on this CYM. To 
zeroth order in k 2 the relative sizes of the CY and S 1 are not relevant and the expan- 
sion of the strongly coupled heterotic string theory gives the same effective action in four 
dimensions as the dimensional reduction of the weekly coupled ten-dimensional heterotic 
string. Moreover, at higher orders in k their four-dimensional effective actions take the 
same analytic form and thus cannot be distinguished from each other. In this section we 
want to discuss the case with non-standard embedding, since it leads to realistic string 
vacua |]57|| . We will see, how ( |5.2j ) arises from M-theory compactification. 

The Ga, Ga 1 gauge fields live on the two nine-branes. After compactification on the 
CYM X their coupling is given by 

_ 2 _ 2V X 

9 Ga ,G a , ~ (4^)5/3^4/3 ' 

to order k 2 ^ 3 relative to the bulk. Here, Vx is the Calabi-Yau volume at the boundaries 
xn = and x\\ = np, respectively. Corrections coming from interactions to the bulk, 



19 The relation ( |5,3|) keeps its validity in the orbifold limit, although some CY moduli t l are 
frozen at finite values in the Kahler moduli space. 

20 For all toroidal Z v orbifolds X we have x{T & /Z u ) = 48, except x(T 6 /Z 3 ) = 72. However a 
Z3 orbifold does not give rise to moduli dependent thresholds Vi = and we may safely introduce 



X (X) =48 in §1|). 
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start at order k 4 / 3 and modify this relation. This results in a variation of the CY volume 
V over the interval x\\. Therefore, to determine the two gauge couplings gc A and ga A , we 
need an expression for the two volumina V(0) and V{itp) at the two fixed points. Here p is 
the radius of the eleventh dimension S . In Wittens linear approximation their difference 
is given by ]51 



, / ft \ 2/3 [ trF A F - hiR A R , . 

V(*p)-V(0) = 2**p(-) J^A ^-f . (5.6) 

The r.h.s. is an integral over the CYM X to be worked out at the boundary x\\ = 0. In 
particular this means, that the gauge fields (in the following denoted by F^) refer to the 
gauge group Ga, which lives on the wall x\\ = 0. Fortunately, the r.h.s. is independent on 
x±i in the linear approximation. This means that the CY moduli entering there are in- 
independent and the whole integral describes a generic topological coupling on the CYM 
X. Nonetheless, the interpretation of the CY moduli appearing in the four-dimensional 
low-energy effective action as chiral fields is different for M-theory on S 1 /Z2 x X and lOd 
heterotic string on X. Since the former are coming from an eleven-dimensional theory, 
they describe five-dimensional fields, which have to be averaged. To the order we are 
considering, this averaging means, that all CY moduli fields (more precisely: their non- 
axionic parts) refer to metric scalars g]}% in the middle X\\ = ^np of 5 >1 /Z 2 . More 
details about this identification can be found in ||58| ||59|| . Besides, further aspects have 



been analyzed in a burst of recent papers []5"8[[59||6"0[], (however, all of them dealing with 
standard embedding). 

We want to work out@ (|5.6|) for the models we have considered in section 4, i.e. 
in particular for instanton non-standard embeddings. Since we are compactifying on a 
Calabi-Yau manifold, Rik = and F^ = 0, and the only non-vanishing components of 
trR A R and trF A F come from the combinations R^ k j and FrjF k j, respectively [^3| , we 
may expand the fields 



trR A R = Xid 1 , Xi = tri? A R , 

(5.7) 

trF (D AF (D =n f) d i , n (D = f trF^AF^ 



21 Recently, the relation eq. ( |5.6| ) has been discussed in |6l|l for one specific CY example and 
in [p4 with the emphazise on the axionic symmetries of the Kahler moduli £\ 
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w.r.t. a basis d l of harmonic (2,2)-forms (i = 1, . . . , /i( 2 ,2))- Of course, from Poincare 
duality ^(2,2) = ^(1,1) • The corresponding 4-cycles G\ are chosen to fulfil the following 
intersection properties 

dP =6{ , I Ji A d? = 5{ , (5.8) 



Ci Jx 



where Ji is a basis of (1, l)-forms to which the Kahler moduli t l (i = 1, . . . , are 
associated. Besides we expand the Kahler form w of X w = f J,. In the orbifold limit of 
a CYM all the instantons are stuck at the fixed points. Therefore, the 4-cycle integrals 
( |5.7|) receive contributions only from orbifold singularities (of (complex) codimension 2), 
since these are the only sources for curvature and places for non-trivial gauge connections. 
Thus we have to consider all 4-cycle Cf a integrals around fixed points f a of codimension 
2 ratheril than 3. These are precisely the N=2 sectors of the N=l orbifold under consid- 
eration and they can be described by K3 dynamics. Locally at these points, the manifold 
is replaced by an ALE-spa.ce with A„-type singularity. These are asymptotic locally flat 
non-compact spaces. They have the Euler number Xale„ = - ~ 1 [|64| . Thus, in (|5.7| ) we 
obtain the coefficients: 



[ trF (1) A = k£ ] + | — X^7«(^a - 7a) 
J c fa 1 v <* I=1 



5.9 

r r Vl-l 

XALE Vn = trR A R = 



la 



Here ria is the individual gauge instanton number ( |3.32|) at the fixed point f a (which is 
supposed to have twist order h> a ) and the curvature singularity contributes XALE Va to the 
gravitational instanton contribution. Let us mention the identity f r dH = + + 

Joe 

XALE Va = 0, which expresses local charge cancellation at the fixed point f a . In addition, 
after ( |5.8[ ), to get a non-zero wedge product, the Kahler Ji form has to lie in the remaining 
orthogonal one (complex) dimensional plane. This is the plane T?, left invariant under the 
orbifold twist, with Kahler modulus t % = -tT l . 

In total, summing up all source contributions ( ^9|) at codimension 2 fixed points and 
noting the fact (which holds for every t % , which has a set of codimension 2 fixed points f a ) 

N kXALE k = XK3 = + nf ] , (5.10) 



22 Since prime orbifolds {y = prime) have no codimension 2 fixed points, the integral in ( |5.6D 
vanishes. In those cases, there are also no perturbative one-loop corrections, i.e. Vi = in (4.4) 
and (4.5). 
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where Nk is the numberll of (dimension 1) fix-planes of order k, we derivell for ( |5.6| ): 



(5.11) 

2/3. v ' 



To compare with (|5.2|) we have to translate the eleven dimensional scales Kn and 



i? n = 7rp to ten dimensional heterotic string quantities |54 

P 1 1 



2/3 27/3^8/3 a / 



(5.12) 



With ( |5.5|) and (|5.11|) , the difference of the two gauge couplings olq a and olq a , becomes 



g-* -g~ 2 = L-l V ^T* , (5.13) 



which agrees with ( |5.2| ) up to numerical constants. This leads to the generalization of ( |5.3| ) 
to non-standard embedding orbifolds: 



Sg a , ~ fa A — > - E ■ ( 5 - 14 ) 

Tracing back (|5.14|) to its origin (|5.6|) we conjecture the large radius expansion of the 



holomorphic index (|5.3|) for (0, 2)-compactifications: 

h dA) r / i \ 

fG A ,-f GA ^2j2 tl J l AltrFAF--trRAR\ . (5.15) 
i=l -'X \ - J 

Let us make some final remarks: The techniques, developed in this section for the 
dimensional reduction on (0,2) orbifolds, may be also used to extract other (than harmonic 
gauge coupling) terms in the four dimensional effective action. In particular, we find it 
interesting to trace back the origin of the non-harmonic coupling appearing in eqs. 

( |4.4j) and ( [1.5|) to ten or eleven dimensions. On the other hand, in four dimensions it is 
due to IR-effects and its large radius behaviour (maximally logT) is quite different than 



23 Concretely: v = 2: T 4 /Z 2 , N 2 = 16; v = 3: T 4 /Z 3 , N 3 = 9; v = 4: T 4 /Z 4 , N A =4, N 2 = 6; 
v = 6: T 4 /Z 6 , N 6 = 1, N 3 = 4, N 2 = 5. 

24 Of course, for the orbifold examples in table 7 we get V(jrp) — V(0) = 0. This allows for 
equal couplings at both boundaries. 
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that of the gauge couplings. Therefore, we cannot obtain it in the limit described above, 
which gives order T effects in the effective 4d action. Moreover, it would be interesting 
to determine the expression ( |5.15| ) (and eventually eqs. ( [4.4]) and (|4.5|) ) from F-theory 
on a fourfold by considering 7-brane exchange interactions. A similar treatment has been 
accomplished in d = 8 with F-theory on K3 [^5j. There, four-point couplings R 4 and 
F 4 could be calculated by means of 7-brane exchanges. However, the d = 4 case is more 
involved because of the complicated bundle structure on the fourfold and 7-branes. 

5.3. Including NS 5-branes 



In [32 1, the possibility of adding NS 5-branes into the space-time was considered. 



This then may be considered as additional source term in the Bianchi identity for the 



4-form G ]51|. Again, this effect may be studied in N=l non-perturbative orbifold con- 
structions ||35|1 . These orbifolds are non-modular invariant at the perturbative level. That 
means that they have gauge and/or gravitational anomalies at the perturbative level. 
However, non-perturbative effects, like additional 5-branes ||3lH ||32fl , render the theories 
consistent. Usually, they may have N=2 subsectors, whose non-perturbative formulation 
may be traced baclH to known N=l, d = 6 smooth K3 dynamics of tensionless strings, 
small instantons or 5-branes, compactified on the torus T 2 . In M-theory, where these 
effects are described by NS 5-branes approaching one of the 9-branes, the characteristic 
length is their relative distance < $i > to one 9-brane. The field $ is a real scalar of a 
tensor multiplet in d = 6, N=l. After torus compactification it becomes a scalar of an 
N=2, d — 4 vector multiplet, whose gauge field show the coupling [B5[ 



Re(U)F^F^ . (5.16) 

Physical quantities are expanded w.r.t. 1/u ~ e 27r l ( T i+ l <*>' r 2) ? accounting for the instan- 
tons, which are strings of tension < $ >, wrapped around the torus T 2 . In particular, 
this gives e.g. SW-like expansions (in u) for the gauge coupling ( |5.16| ). Together with 
the usual (conventional) perturbative expansionil w.r.t. the dilaton S 1 , in d = 4 we are 
then left with two expansions, valid in different regimes of the moduli space. On the other 



25 Provided there are enough massless blow up modes. 

26 I.e. S — > oo, which is clearly not the right limit, when one wants to take into account effects 
of the NS 5-branes. This limit puts together the two 9-branes and we lose the effects of the 
5-branes, which were in between them. 
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hand, the role of a perturbative string threshold correction in the sense of sects. 2 and 
3 as a perturbative expansion in the dilaton field S does no longer make sense, since we 
are dealing with an anomalous or non-modular invariant theory. The perturbative part of 
the partition function alone is not sufficient to consider, since it is not one-loop modular 
invariant and we do not know its non-perturbative extension rendering modular invari- 
ance. However, modular invariance is a quite important ingredient in string-perturbation 
theory. In fact, the results of sections 2-4 heavily rely on the modular invariance of the 
partition function and we are not allowed to apply them for those kinds of models, al- 
though a naive guess might urge us, to just insert in ( p.4| ) instanton numbers (n\ ,n\ ), 



fulfilling + n\ 2 ^ ^ 24. In (|5.2p this would lead to an asymmetric T-dependence. 



However, for the twisted sectors of the N=l non-perturbative orbifold we do not have 
any description. Less is known about the non-perturbative effects, which are supposed to 
reinforce modular invariance or anomaly freedom. It is believed that the analog of small 



instanton dynamics in N=l, d = 6 is played by chirality change in N=l,d = 4 |)6 . 

Let us draw one conclusion (just from considering the N=2 subsectors of the non- 
perturbative orbifolds): The coupling ( |5.16| ) shows a quite different structure than what 
one expects in ordinary string perturbation theory, where the dilaton S controls all tree- 



level couplings (O). We have different expansions for the gauge couplings, valid in different 
regions of the moduli space. So far lacking a complete (non-perturbative) heterotic de- 
scription, which eventually puts S and the moduli T, U, V on the same footing. This is 
naturally provided by F-theory compactifications, which will certainly lead to quite new 
concepts in string phenomenology flBTf . 

Acknowledgements: I wish to thank G.L. Cardoso, J.-P. Derendinger, and K. 
Intriligator for interesting discussions. Moreover, I thank Z. Lalak, W. Lerche, H.P. Nilles, 
B. Pioline, and especially P. Mayr for helpful discussions. The major part of this work 
was carried out at Neuchatel University with the support of the Swiss National Science 
Foundation, the European Commission TMR programme ERBFMRX-CT96-0045, and 
OFES no. 95.0856. 

30 



Appendix A. Jacobi functions 



The coupling of the genus ( |2.5|) to one Wilson line in ( |2.6|) is decribed Jacobi forms 
J. A Jacobi form (for more details see ||68|| ) f s>m of weight s and index m enjoys 



ar + b z 



cr + d ct + d 



(cT + d) s e™^f s , m (T, z) 



/ s , m (r, z + Ar + n) = e-^ im ^+ 2X ^f s , m (T, z) 



(A.l) 



for d) ^ SL(2,Z) and A,/i £ Z. Prominent examples (for index 1) are the Jacobi 
^-functions (y = e 



(A.2) 



Explicitly, 



(q,y) = 9 1 (q J y)=iJ2(-l) n <l 

nEZ 

(q,y) = e 3 (q,y) = J2 ( l hn2 y n 



(A.3) 



n6Z 



(q,y) = e^q,y) = Y,(-l) n q^ n V* ■ 

n£Z 



The ring of Jacobi forms of index 1 is generated by the Jacobi-Eisenstein functions 



i 



^4,1(9, v) = iMq, yfet + 6/3(9, yfot + 9*(q, yfot] , 



(A.4) 



with #1 = [}] , 02 = 9 [I], 9 3 = 9 [° Q ] and 9 A = 9 [J]. The elliptic genus |6 
Jacobi form of weight and index 1: 



is a 



ZK3(q,y) 



1 ElE 4!l (q,y)-E 6 E 6il (q,y) 

.,24 



72 ?r 

Any Jacobi form f s ,i(q,y) of index 1 can be decomposed as 



(A.5) 



/.,i(g, y) = f!T(<i) e even(q, y) + f:i d (q)9 odd (q, y) 



(A.6) 
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with 9 even (r, z) = 6*3 (2t, 2z) and 6> 0( ^(t, z) = #2(2t, 2z). Finally, we define 

IsAq) = f!:r(<i) + fsT (q) ■ 



(A.7) 



Applying (|A.6|) for E^\(q, y) provides (for y = 1, z = 0) the decomposition of one .Eg 
gauge factor into E? x Ai 



E 4 = E 4 ,i(g, 1) = EtT(q)6s(2r) + E° 4 f (r)0 2 (2r) 



(A.8) 



with the E 7 -characters -Zi 33 = E|^ en and Z 56 = E^ and Ai-characters Z40 = 6*3 (2r) 
and Z^i = $2(2r). Then, the coupling of one Wilson to the Narain lattice sum Z^^ and 
to one Eg-gauge group factor (or more generally to the remaing part of the index) can be 
described by the Jacobi form E 4j i (or f Sj i) 



k=even m; ,n i 



_|_ e 2niT(±k 2 +m 1 n 1 +m 2 n 2 ) e -2-KT 2 \p R \ 2 J ^ d (g) 



(A.9) 



k=odd mi,™, 1 

with defined in eq. (|2.6|) . 



Appendix B. Orbifold details 

In this section we give the phase matrix ku,b)i which appears in the K3 index ( |3.2|) . 



B.l. Z 2 orbifold 



B.2. Z 3 orbifold 



B.3. Z 4 orbifold 
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M2- 7 2 ) 
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Z(a,b) 
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(B.l) 



(B.2) 



(a,b) 



16 
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Vi 



; -7ri^(2-7 2 ) e - 7 rii(2- 7 2 ) 
e 7Hf(2-7 2 ) 4e - 7 rii(2- 7 2 ) 



1%(2"7 2 ) 



3 7rii(2- 7 2 ) 
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(B.3) 
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B.4- Z 6 orbifold 
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1 

9 

16 
9 
V 1 



2 -n 

e -§™r 
-iTrir 



9 

e §7rir 
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1 

9e §™r 
e -|7rir 



16 

e niT 
1 

16e™ r 
1 

_— iriT 



9e"5 
1 

9e^ 7 
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e -§7rir 

e _7rir 
e -Sir*r 
e i7rir 



(B.4) 



with 12F :-- 



7 2 + 7 2 



Appendix C. Lowest Expansion of Ba 



In this part we derive the lowest V-expansion in ( |3.14|) . We consider the integral ( |2.3| ) 
with the integrand ( p77|) w.r.t. to a gauge group Ga, which is not enhanced at any point 
in the moduli space, except T — > zoo. It is easy to show 



dA A 
dV 







(C.l) 



due to a possible relabelling of the quantum numbers appearing in the sum of Z. We use 
the identity (p Rfi := pr\ v=0 ) 



2 



dV 2 



J 3,2 



2* d 

-=-^2*2,2 + 



V=0 



iU + iU dT 



_2± d 

IT + iTdU 2 ' 2 



8n 2 r 2 



(-iT + iT)(-iU + iU) 



to perform the integrand of (|2.3|) leading to 



1 



27TT2 

(C.2) " 



d 2 



dV 2 



2i d * 



v=o 



-iU + iU dT 



2i d x 

=T^^A 

iT + iTdU 



ln 2 r 2 



t 2 ^ (-iT + iT)(-iU + iU) 



=-Z 2 ,2P R , k ~ 



2ttt<2 



(C.3) 



Here denotes the threshold correction for vanishing Wilson line. Let us denote the 



last integral by R. Then we perform a manipulation similar to the one introduced in [69 
With 



(-iU + iU) 2 d u 



E 



(-iU + iU) 



T-T 

nr 2 



Y.df^drZ] , (C.4) 
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we calculate <%i? 



U + iU) 2 J t 2 t-f '\ 2tvt 2 J 



(-iU + i 
-2 

{-iU + iU) 2 dT 



OA 



(C.5) 



A 



where the last eq. follows after a partial integration. After a duality respecting integration 
we find: 



R 



dA A dA A 
' dU dT 



(C.6) 



Therefore we have 



d 2 A, 



dV 2 



2 2 ~ 

= = A a t + = A a U ~ 2A/i tjAa t 

v=0 U-U ' T-T ' ' ' 



(C.7) 



and finally: 



ay 2 



v=o 



%j {T)j {U) 2 

V(T)V(U) ~ (T-T)(U -U) 



(CA 



A similar result is obtained for ^y2~\ v _ - However one may show 



d 2 A, 



dVdV 



2b^ 2 



v 



=0 (-iT + iT)(-iU + iU) 



(C.9) 



verifying the integrability condition of p9 



Appendix D. Zq— orbifold limits of K3 and their instanton numbers 
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7 


1 


perturbative gauge group 


(n( 1 ),n( 2 )) 


(1,1,0,0,0,0,0,0) 


(0,0,0,0,0,0,0,0) 


U(l)xE 7 X E' g 


(24,0) 


(3,2,1,0,0,0,0,0) 


(0,0,0,0,0,0,0,0) 


U(l) 2 xE 6 X E' & 


(24,0) 


(5,1,0,0,0,0,0,0) 


(0,0,0,0,0,0,0,0) 


U(l)xSU(2)xSO(12) X E' s 


(24,0) 


^(7,1,1,1,1,1,1,-1) 


(0,0,0,0,0,0,0,0) 


U(l)xSU(2)xSU(7) X E' s 


(24,0) 


i(9, 3, 3, 1,1, 1,1,1) 


(0,0,0,0,0,0,0,0) 


U(l)xSU(3)xSU(6) X E' 8 


(24,0) 


(2,2,0,0,0,0,0,0) 


(3,3,0,0,0,0,0,0) 


U(l)xE 7 X SU(2)'xE' 7 


(12,12) 


(4,2,0,0,0,0,0,0) 


(3,3,0,0,0,0,0,0) 


U(l)xSU(2)xSO(12) X SU(2)'xE' 7 


(20,4) 


(5,1,1,1,1,1,1,1) 


(3,3,0,0,0,0,0,0) 


SU(9) X SU(2)'xE' 7 


(14,10) 


(1,1,1,1,1,1,1,-1) 


(3,3,0,0,0,0,0,0) 


U(l)xSU(8) X SU(2)'xE' 7 


(18,6) 


(5,1,1,1,1,1,1,-1) 


(3,3,0,0,0,0,0,0) 


U(l)xSU(8) X SU(2)'xE' 7 


(20,4) 


(2,2,2,2,2,0,0,0) 


(3,3,0,0,0,0,0,0) 


U(l)xSU(4)xSU(5) X SU{2)'xE' 7 


(20,4) 


(4,2,2,0,0,0,0,0) 


(1,1,0,0,0,0,0,0) 


SU(3)xEq X U(l)'xE' 7 


(12,12) 


(6,0,0,0,0,0,0,0) 


(1,1,0,0,0,0,0,0) 


SO(16) X U(l)'xE' 7 


(8,16) 


(2,2,2,0,0,0,0,0) 


(1,1,0,0,0,0,0,0) 


U(l)xSU(3)xSO(10) X U(l)'xE' 7 


(18,6) 


(3,3,1,1,1,1,1,-1) 


(1,1,0,0,0,0,0,0) 


u(i)xsu(2) 2 xsu(e) x u(i)'xe' 7 


(18,6) 


(2,1,1,0,0,0,0,0) 


(2,2,0,0,0,0,0,0) 


U(l)xSU(2)xE 6 X U(l)'xE' 7 


(18,6) 


(4,1,1,0,0,0,0,0) 


(2,2,0,0,0,0,0,0) 


U(l) 2 xSU(2)xSO(10) X U(l)'xE' r 


(4,20) 


(5,1,1,1,1,1,0,0) 


(2,2,0,0,0,0,0,0) 


SU(2)xSU(3)xSU(6) X U{l)'xE' 7 


(4,20) 


(3,2,1,0,0,0,0,0) 


(4,2,2,0,0,0,0,0) 


U(l) 2 xE e X SU(3)'xE' 6 


(12,12) 


(5,1,0,0,0,0,0,0) 


(4,2,2,0,0,0,0,0) 


U(l)xSU(2)xSO(12) X SU(3)'xE' 6 


(14,10) 


i(7, 1,1, 1,1, 1,1,-1) 


(4,2,2,0,0,0,0,0) 


U(l)xSU(2)xSU(7) X SU(3)'xE' 6 


(17,7) 


i(9, 3, 3, 1,1, 1,1,1) 


(4,2,2,0,0,0,0,0) 


U(l)xSU(3)xSU(6) X SU(3)'xE' 6 


(18,6) 


(4,2,0,0,0,0,0,0) 


(2,1,1,0,0,0,0,0) 


U(l)xSU(2)xSO(12) X U (1)' X SU (2)' X E' 6 


(12,12) 


(5,1,1,1,1,1,1,1) 


(2,1,1,0,0,0,0,0) 


SU(9) X U(l)' XSU(2)' XE' 6 


(11,13) 


(1,1,1,1,1,1,1,-1) 


(2,1,1,0,0,0,0,0) 


U(l)xSU(8) X U(l)' XSU(2)' XE' 6 


(15,9) 


(5,1,1,1,1,1,1,-1) 


(2,1,1,0,0,0,0,0) 


U(l)xSU(8) X U(l)' XSU(2)' XE' 6 


(11,13) 


(2,2,2,2,2,0,0,0) 


(2,1,1,0,0,0,0,0) 


U(l)xSU(4)xSU(5) X !7(l)'xSi7(2)'xBg 


(16,8) 


(6,0,0,0,0,0,0,0) 


(3,2,1,0,0,0,0,0) 


SO(16) X (7(l) /2 x£;^ 


(8,16) 


(2,2,2,0,0,0,0,0) 


(3,2,1,0,0,0,0,0) 


U(l)xSU(3)xSO(10) X U(1) ,2 XE' 6 


(16,8) 


(3,3,1,1,1,1,1,-1) 


(3,2,1,0,0,0,0,0) 


U(l)xSU(2) 2 xSU(6) X U{1)' 2 XE' 6 


(17,7) 


(5,1,0,0,0,0,0,0) 


(6,0,0,0,0,0,0,0) 


U(l)xSU(2)xSO(12) X 50(16)' 


(16,8) 
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7 


1 


perturbative gauge group 


(n(D,n( 2 )) 


£(7,1,1,1,1,1,1,-1) 


(6,0,0,0,0,0,0,0) 


U(l)xSU(2)xSU(7) X SO(16)' 


(16,8) 


1(9,3,3,1,1,1,1,1) 


(6,0,0,0,0,0,0,0) 


U(l)xSU(3)xSU(6) X SO(16)' 


(16,8) 


(3,1,0,0,0,0,0,0) 


(2,0,0,0,0,0,0,0) 


U(l) 2 xSO(\2) X t/(l)'xSO(14)' 


(12,12) 


(3,3,2,0,0,0,0,0) 


(2,0,0,0,0,0,0,0) 


C/(l)xSt/(2) 2 xSO(10) X t/(l)'xSO(14)' 


(12,12) 


£(9,1,1,1,1,1,1,1) 


(2,0,0,0,0,0,0,0) 


U(l) 2 xSU(7) X C/(l)'xSO(14)' 


(12,12) 


(3,1,0,0,0,0,0,0) 


(4,0,0,0,0,0,0,0) 


U(l) 2 xSO(12) X t/(l)'xSO(14)' 


(16,8) 


(3,3,2,0,0,0,0,0) 


(4,0,0,0,0,0,0,0) 


C/(l)xSt/(2) 2 xSO(10) X t/(l)'xSO(14)' 


(16,8) 


£(9,1,1,1,1,1,1,1) 


(4,0,0,0,0,0,0,0) 


U(l) 2 xSU(7) X C/(l)'xSO(14)' 


(16,8) 


(4,1,1,0,0,0,0,0) 


(4,2,0,0,0,0,0,0) 


U(l) 2 XSU(2)XSO(10) X U(l)'xSU(2)'xSO(l2)' 


(14,10) 


(5,1,1,1,1,1,0,0) 


(4,2,0,0,0,0,0,0) 


SC/(2)xSt/(3)xSC/(6) X t/(l)'xSt/(2)'xSO(12)' 


(14,10) 


(2,2,2,0,0,0,0,0) 


(5,1,0,0,0,0,0,0) 


U(l)xSU(3)xSO(10) X U(l)' xSU{2)' xSO(12)' 


(16,8) 


(3,3,1,1,1,1,1,-1) 


(5,1,0,0,0,0,0,0) 


C/(l)xSt/(2) 2 xSC/(6) X [7(l)'xS£/(2)'xSO(12)' 


(16,8) 


(5,1,1,1,0,0,0,0) 


(3,1,0,0,0,0,0,0) 


U(l)xSU(4)xSO(8) X U(l)' 2 xSO{l2)' 


(14,10) 


(3,1,1,1,1,1,1,1) 


(3,1,0,0,0,0,0,0) 


U(l) 2 xSU(7) X t/(l)' 2 xSO(12)' 


(14,10) 


£(7,1,1,1,1,1,1,-1) 


(2,2,2,0,0,0,0,0) 


U(l)xSU(2)xSU(7) X t/(l)'xSC/(3)'xSO(10)' 


(12,12) 


£(9,3,3,1,1,1,1,1) 


(2,2,2,0,0,0,0,0) 


U(l)xSU(3)xSU(6) X t/(l)'x5C/(3)'xSO(10)' 


(13,11) 


(5,1,1,1,0,0,0,0) 


(3,3,2,0,0,0,0,0) 


U(l)xSU(4)xSO(8) X C/(l)'xSt/(2)' 2 xSO(10)' 


(14,10) 


(3,1,1,1,1,1,1,1) 


(3,3,2,0,0,0,0,0) 


U(l) 2 XSU(7) X U(l)'xSU(2)' 2 xSO(10)' 


(13,11) 


(5,1,1,1,1,1,1,1) 


(4,1,1,0,0,0,0,0) 


SU(9) X C/(l) /2 xSt/(2)'xSO(10)' 


(10,14) 


(1,1,1,1,1,1,1,-1) 


(4,1,1,0,0,0,0,0) 


U(l)xSU(8) X C/(l) /2 xSt/(2)'xSO(10)' 


(14,10) 


(5,1,1,1,1,1,1,-1) 


(4,1,1,0,0,0,0,0) 


U(l)xSU(8) X l/(l) /2 xSt/(2)'xSO(10)' 


(11,13) 


(2,2,2,2,2,0,0,0) 


(4,1,1,0,0,0,0,0) 


U(l)xSU(4)xSU(5) X C/(l)' 2 xSC/(2)'xSO(10)' 


(15,9) 


£(9,1,1,1,1,1,1,1) 


(5,1,1,1,0,0,0,0) 


U(l) 2 xSU(7) X !7(l)'xSi7(4)'xSO(8)' 


(11,13) 


(5,1,1,1,1,1,1,1) 


(5,1,1,1,1,1,0,0) 


SU(9) X SU(2)' xSU(3)' xSU(6)' 


(10,12) 


(1,1,1,1,1,1,1,-1) 


(5,1,1,1,1,1,0,0) 


U(l)xSU(8) X SU(2)' xSU(3)' xSU(6)' 


(4,20) 


(5,1,1,1,1,1,1,-1) 


(5,1,1,1,1,1,0,0) 


U(l)xSU(8) X SC/(2)'xSC/(3)'xSt/(6)' 


(1,23) 


(2,2,2,2,2,0,0,0) 


(5,1,1,1,1,1,0,0) 


U(l)xSU(4)xSU(5) X SC/(2)'xSC/(3)'xSi7(6)' 


(4,20) 


£(7,1,1,1,1,1,1,-1) 


(3,3,1,1,1,1,1,-1) 


C/(l)xS£/(2)xSC/(7) X t/(l)'x5C/(2) /2 x5C/(6)' 


(12,12) 


£(9,3,3,1,1,1,1,1) 


(3,3,1,1,1,1,1,-1) 


C/(l)xS£/(3)xSC/(6) X t/(l)'x5C/(2) /2 x5C/(6)' 


(12,12) 



Table 8: All 60 T 4 /ZiQ-orbifolds with gauge twist (7,7).' Their perturbative gauge group and 
instanton numbers (rr^rr 2 )) w.r.t. SU (2) -bundles. 
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